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Exercise 2: Math Background (Solution)

Exercise 1.1

a) Ac RMXN B c RMXM ¢ c RN D e RXL,
b) flx) =0, S wiwy My = S0 @ S a My = Y @i(M - x); =« M.
¢) Proof: Consider ||u — v||2, we have:
lu —v|> = (u — v,u — v)
- <U,’LL> - <U,’U> - <’Uvu> + <’U,’U>
= [Jul|* = 2(u,v) + ||v|[?

=0
Hence, u = v.
Exercise 1.2
0f (x)
ox1
of(x)
a) By definition of the gradient, we need to determine V,f(z) = 89‘”2 . For 1 <k <n, we
o)
OTn
have .
of(x) _ 0 (¢ 9
= bizi | = ) —— (biz dikbi = b
Dy, axk;x 23 "”Hk k-
0 ifidti
The Kronecker delta is defined as follows: ¢;; = 1 l 7 ‘7
1 ifi=j.
of (x
8951) b
d1(z) by
Hence, we obtain V, f(z) = di” =
of(x) b
OTn

b) Similar to the first part, we obtain f(x) = 37" 371 Aijz;z; and the partial derivative of the
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variable x; with 1 <k <nis

aZUk; N 81‘]6 i=1j=1

n n a

= Z Z — (Ajjziz;)
i=1j=1 Oz,

= Y Lyt Y o (g + 5 (Auad)
j=1,j#k k i=1,i#k k

= Y Agzi+ Y Apxi+24pay
j=1,j#k i=1,i#k

n n
= Z Akj:cj + Z Apx;
j=1 i=1

7j=1
=2 (Az)g
of(x
gél) 2. (A:E)l
b1(x) 2. (Az)s
Hence, we obtain V, f(z) = | “* | = . =2Ax.
agi:) 2. (Az),

c) Let us first rewrite the expression:

f(x) = || Az — 0|3
= (Az —b)" (Az —b)
= ((Az)" —b")(Az —b)
=z AT —b")(Az — D)
=z ATAz —2"ATb—b" Az + b
=z AT Az —22TATb+b"b.
Using part (a) and (b), we obtain
Vof(z) =Va(z " AT Az —22TATb4+0"0) =V, AT Az — V,20TATb 40
=2ATAz —2A"b

Exercise 1.3

a) The derivatives are:

o fi(z)= {(x?’ +z+ 1)2}/ =23 +x+ )3 +ax+1) =23 +2+1)(322+1)
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. 621—1 !/ . (621:_1 /(e2w+1)_(e2z_1) 82z+1)/ o 2621‘ 827;+1)_ e2z_1)2€2:c - 4621
» fiw) = &5 = R = = [y
!/
o fi@) = [(1-2)log1 —2)| = —log(1—2) -1

b) The gradients are:
o V1= (x1,22)" =x

o Vfs=1(a}+a3)”

N

(z1,72)" =

¢) The Jacobians are:

_ |cos(p) —rsin(yp)
* = lsin(cp) r cos(p)

—rsin(t)
* Jn = lrcos(t) ]

d) The divergences are:
. divfg =0
o divfyg =2

Exercise 1.4

When deriving o(z) with respect to z, there are n x n partial derivates but we notice that they reduce
to only two distinct kinds:
o 0(z); w.r.t z. For example, deriving 27 w.r.t z1. (21 appears both in the nominator and

in the denominator)

#1

=5 Wt 2 (z2 appears only in the denomi-

e 0(z); wr.t zj,i # j. For example, deriving ST ¢

nator).

We first derive the first kind:

8@13( )/z e Y e — et et e (Y e —et)
021 o T o) (i o) (T et) (g e)

(Xk=1 €%*) (Xk=1 €%*) D g €7

In the last and second to last equality, we used a trick, or the observation, that we can express these
terms in means of §j. In a similar fashion, we derive the second kind:

0

91 a( ) /o 0 Spq e — e ef A
—_— 2:2 = — .

O\l e e (e e -
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In conclusion, the partial derivatives of the softmax layer § = o(z) with respect to its input z are
given by:

a@i:{@i-(l—@a i=]
0z =90 i #]

Exercise 1.5

a) We use the definition of the variance, namely
Var(X) = E[X?] — E[X]? (1)
and equivalently,
E[X?] = Var(X) + E[X]% (2)
Since X,Y ~ N(0,0?%), we are given that E[X] = E[Y] = 0. With these observations, we obtain

Var(XY) 2 E[X2Y?) — E[XY]?

“ BIX?E[Y?] - E[X]2E[Y]?

© Var(X) + E[X]?)(Var(Y) + E[Y]?) — E[X]?E[Y]?

= Var(X)Var(Y) + Var(X) E[Y]* +Var(Y) E[X]?
=0 =0
= Var(X)Var(Y)

(*)X,Y are independent

b) We use the properties of the expectation and the variance of a random variable. For the mean
of Z, we observe:

E[Z]:E{X;ﬂ
=§'E[X—u]
= - (EIX] - Elu)
:é‘(u—u)
=0
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For the variance, we observe:

In summary, we conclude that Z ~ N(0,1).
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