Introduction to Deep Learning
(I2DL)

Exercise 2: Math Recap
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Overview

e Linear Algebra

e \VVectors and matrices
e Basic operations on matrices & vectors
e fensors

e Norms, Loss functions

e Calculus
e Scalar derivatives

e Gradient

e Jacobian Matrix
e Chain Rule

e Probability Theory
e Probability space
e Random variables
« PMF, PDF, CDF
e Mean, variance

e Standard probability distributions
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T

Basic Notation

e Vector: An element of R" is a vector with n entries.

e Elements of a vector: The 1-th element of a vector v € R" is denoted by
v; € R.

e Matrix: An element of R™"*™ is a matrix with nn rows and 1m columns.

e Elements of a matrix: For A € R"*™, the element at the ¢-th row and j-th
columnis 4;; € R.

» Transpose: Flip rows and columns. For A € R™*™ the transpose is
A" € R™*™ Vectors can be transposed similarly.
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Vector

e AN n-dimensional vector describes an element In
an n-dimensional space.

e Vector operations:
o Addition

e Subtraction

e Scalar multiplication

e Dot product
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L1111

Vector Operations

Addition Subtraction Scalar Multiplication Dot Product

o Definition: For a, b € R™ we have 1
a; + by
as + by
a-+ b= , c R"
a, + b,

|2DL: Prof. Niessner / | 64



L1111

Vector Operations

Addition m Scalar Multiplication Dot Product
o Definition: For a, b € R" we have A
a; — b
Ao — bz =K
a—b—= c R"
>
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Vector Operations

Addition Subtraction

Scalar
Multiplication Dot Product

 Definition: For a € R", ¢ € IR we have 1

C-* aq

C - d9
C-a = , c R"
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Vector Operations T

Addition Subtraction Scalar Multiplication Dot Product

e Definition: For a, b € IR", the dot product is defined as follows:

a-b:aT-b:a1-b1+a2-b2+...+an-bn:Zai-biER
i=1
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Vector Operations T

Addition Subtraction Scalar Multiplication Dot Product

e Properties:

e Commutative:a -b=0>b- a

e Geometric Interpretation:
a-b=|lall -|b|l-cos(0)

e Orthogonality: Two non-zero vectors
are orthogonal to each other O = arccos(z-y/1z11y1)

— a-b=0
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Matrix

Matrix-vector Multiplication Matrix-matrix Multiplication Hadamard Product

e A matrix A € R™*"*™ js denoted as

a1 di29 A1m
A do1 A29 Aom XM
— -
Anl An2 Anm
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Matrix Operations

Matrix-vector Multiplication Matrix-matrix Multiplication Hadamard Product

« Multiplication of matrix with a vector is defined as follows: for A € R®»*™, b € R™,

aip - Aim bl anbl T T almbm

as; - Aoy, bz a21bl T T a'2mbm .
A-b= — c R

anl e Anm bm anlbl _|_ e _|_ anmbm

A- b = c

o ma
1 2 0 8
«Example: A € R**?, bc R*withA= |3 4 ,bz() — A-b= |18
b 6 | 28

|2DL: Prof. Niessner 13 / 64



L1111

Matrix Operations

Matrix-vector Multiplication Matrix-matrix Multiplication Hadamard Product

« Similarly, the multiplication of two matrices is defined as follows. For A € R™*™ B € R™*! we have

A.B: E -.. E . E -.. E — E ... E GQTLXZ

m
e Where Cz’j — Zkzl a;f bkj — ailblj —+ az‘zsz -+ ...+ aimbmj.

o Attention: Matrix multiplication is in general not commutative, i.e. for A € R**™, B € R™*" we have

A-B+B-A
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Matrix Operations TUTH

Matrix-vector Multiplication Matrix-matrix Multiplication Hadamard Product

e The Hadamard product is the element-wise product of two matrices. For two matrices of the same dimension
A, B € R"™itis given by

a1 - Qim bii -+ bim a11b11 -+ aimbim

as1 -+ A4y 521 v b2m Cl21b21 e azmbzm e
A B = : — c R

An1 o Anm bnl ©t e bnm An1 bnl U anmbnm

« = For all matrix operations, it is Important to check the dimensions!
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e Definition: A tensor is a multidimensional array and a generalization of the
concepts of a vector and a matrix.

Tensor

%‘

a1 4 19 8
11 C
5[3[7] 16 3 5
G
Row Vector Column Vector
SCALAR (shape 1x3) (shape 3x1) MATRIX

TENSOR
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Tensors in Computer Vision

e Jensors are used to represent RGB _ _
images. color iImage Is 3rd-order tensor

H x W x RGB
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Norm

e Norm: measure of the "length" of a vector

e Definition: A norm is a non-negative function || - || : V — IR which is
defined by the following the properties for elements v, w € V':

e Triangle inequality: ||v + w|| < ||v]|| + |[|w

e lla V|| = a - ||v|| Tor a scalar a

e [l|| =0ifandonlyifv =0
o (V is a vector space over a field [f; in our case we have V' = R")

e Remark: Every such function defines a norm on the vector space.

e Examples: L1-norm, L2-norm
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LT-Norm

e Norm: measure of the "length" of a vector

e L1-Norm: We denote the L1-norm with
|| ' Hl . IR™ — IR such that for a vector

v = (v1,V2,...,U)

n
[oli = ) [vi]
i=1

1
eExample: Letv = | —3 | € 3, then
2

lvjli = (1+3+2) =6
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0.5

-0.5

I_I_I_I_I_I_l_.-=
au =
‘-
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L2-Norm

e Norm: measure of the "length" of a vector |
» L2-Norm: We denote the L2-norm with T )
| - |2 : R® — R such that for a vector iu’!; "
v = (v1,V2,...,Up) 05 |- E' ]
if :
_ /.
0
|vll2 = \ > (i)
=1 sz
-0.5 : —
1 s
eExample: Letv = | —3 | € 3, then E
5 LL .
| | | |

[vll2 = /12 + (=3)% + 2% = V14
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e A loss function is a function that takes as input two vectors and as output
measures the distance between these two

Loss functions

e — USesS a horm to measure the distance

e — L1-Loss uses the L1-norm, L2-Loss uses the L2-norm

e L1-Loss: The L1-Loss between two vectors v, w € IR" is defined as
Ly(v,w) = [jv—wl|l1 =D . [vi — wyl.

eL2-Loss: The L2-Loss between two vectors v, w € R" is defined as
Lo(v,w) = [|[v — w|2 = v/ (v1 —w1)2 + ...+ (v, — wy)?
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Outlook

\ | 17% cat

eura o

Network | — > 137 dog —>
/0% deer

TENSOR
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Outlook

17 % cat
— 13% dog —
/0% deer

TENSOR

The elements of the matrix W are called weights and they
determine the prediction of our network.
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Outlook

17 % cat
—> — 13% dog —
/0% deer

How can we get an accurate matrix W to minimize the loss?

TENSOR
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Outlook

17 % cat
— 13% dog —
/0% deer

TENSOR

Gradient Descent: Method to approximate the best values for
the weights
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Calculus
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Derivatives

e Well known: Scalar derivatives, i.e. derivatives of functions f : R — R

e Matrix calculus: Extension of calculus to higher dimensional setting, i.e.
functionslike f :R" - R, f: R —-R", f : R" - R™and f : R — R
forn,m € N

e Actual calculus we use is relatively trivial, but the notation can often make
things look much more difficult than they are.
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Overview

Setting

f:R—R

f:R* —> R

f R — R

f:R"* — R™
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Derivative

Scalar derivative

Gradient

Gradient

Jacobian

Notation
fi(z)
Vf(z)
Vf(z)

J
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Scalar derivatives

eSetting: f : R — R

df
dx

e Derivative: Derivative of a function at a
chosen input value is the slope of the

tangent line to the graph of the function
at that point.

e Notation: f'(x) or

|2DL: Prof. Niessner
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Derivation Rules
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Common functions

f(x) =cforc e R

flz) ==

f(r) =a™ forn € N
flz) = e
f(@) = In(a)

#(z) = sin(a)
#(z) = cos(x)

Derivative
f'(z) =0
fl(z) =1
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Derivation Rules

Rule Function Derivative
Sum rule f(z)+ g(x) f(z) + g'(z)
Difference rule f(z) — g(x) f'(x) — ¢'(x)
" constant e 1@ e /')
Product rule f(z)-g(z) fi(z)-g(z) + f(z) - g'(x)
| f(z) fl(z)-g(x) — f(z)- g (=)
Quotient rule g(z) (9(z))?
Chain rule f(g(z)) f'(9(z)) - g'(z)
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Multivariate functions f : R" — R

Multivariate Function Gradient
o ]L’ : D T % o V]L’ : D T % n
Of(x
o f( ) Is the derivative of
8232'

f with respect to x; treating the other variables
as constants.

0f(z)

0
0f (x)
Vf:z — Vf(x)= 8?2

of(z)
0z,
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Multivariate functions f : R"*"™ — R

Multivariate Function Gradient
o f : R™™ 5 R eV R 5 R
I of(z) Of(z)  0f(z)
Oz, Oa; O
of(z) Of(z)  0Of(z)
83321 821322 82132771

Vf:x — Vf(x)=

0f(xz) 0f(z)  0f(x)

8213”1 833”2 8£Enm
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Gradient - Example 1

f(z,y) = 3z°y :

- Of(z, Of(z,y)
Vi(z,y) = | fégmy)’ féyy) |

8%3ym2 = 3y 8%9132 = 3y - 2x = byx

%szy:?wzg—z:SzQxl:sz

i Surface:

Vf(aja y) — [ 6y$7 3372 ] z=f(x.y)
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Gradient - Example 2

9($ay) =2$+y8 Z

Og(z, 0 y°
T = G =20 1 0=2x1=2

Og(z,y) _ 02x |, O o 7T 7

Vy(z,y) = |2, 8y"

* Surface:

z=flx.y)
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Vector-valued functions

Vector-Valued function

]L‘: »n%.
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Jacobian Matrix

r — Ji(x) =

Jf : D T N mXxn

Ofi(z) 0fi(x)

8:13‘1 8:132
Of2(z) Ofaz)
8£B1 8£E2

Ofm(z) 0fm(x)

8:131 82132

Of1(x)
ozx,

Of2(x)
ox,

0 fm(x)

0z,
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T

 Assume f : R? — R with f(z,y) = (fl Eﬁ’ y;) where fi(z,y) = 3z°y

Jacobian Matrix - Example 3

f2 Ly Y
and fZ(may) = 22 + y8'

e Calculate Jacobian matrix:

afl(aj?y) 3f1($,y) ,
B 833 8y B 6:13y 3T
0= opie) oo | = | )
ox 0y
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Single Variable Chain Rule

e Setting: We are given the function h(x) = f(g(x)).
e Task: Compute the derivative of this function with chain rule.

* 1. Introduce the intermediate variable: Let u = g(x) be the intermediate

variable.
o L df dg du
e 2. Compute individual derivatives: and —
du da da
2 ohai rute. O _ df du
e 3. Chalinrule: — .
da du dx

e 4. Substitute intermediate variables back
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Single Variable Chain Rule: Example

. Example: Let h(z) = sin(z?).
e Task: Compute the derivative of this function with chain rule.
» Observation: Here, h(z) = f(g(x)) with f(x) = sin(z) and g(z) = z°.

+ 1. Introduce the intermediate variable: Let © = 2 be the intermediate variable.

df dg du

e 2. Compute individual derivatives: — cos(u) and — — 21
P du ( ) dx dx
dh df du
e 3. Chain rule: — . — cos(u) - 2x
dx du dzx ( )
L . . dh )
e 4. Substitute intermediate variables back: = cos(u) - 2x = cos(z?) - 2x

dx
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Total Derivative Chain Rule

e General Formalism:

Of(@, ui(@), ..., un(®)) _ Of Of du _Of Ous _ Of du,
ox - Oz 6‘u1 Or  Ous O - Ou, O

_of 0f Ou;

- Oz Z Oou; Ox
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Overview
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Probability space (QQ, F, P)

e A probability space consists of three elements ({2, F, P):

« Sample space {): The set of all outcomes of a random experiment.

« Event Space F: A set whose elements A € F (called events) are subsets of ().

» Probability measure P: A function P : 7 — |0, 1| that satisfies the following three
properties:

eP(A) > Oforall A € F
o D(Q) — 1
P(U._, 4;)) =>_._, P(A;) forn € N and disjoint events Ay, Ay, ..., A, € F
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Probability space: Example

e A probability space consists of three elements: (Q, I, D) (recap)

« Example: Tossing a six-sided die

« Sample space: 2 = {1,2,3,4,5,6}

Event space: F; = {0, Q}, F» =P(Q),

Fy = {0, Ay = {1,3,5), Ay = {2.4.6}, O = {1,2,3,4,5,6})

e Probability measure P: 7 — R with P()) = 0, P(2) = 1, and in the case of F3 we know that
?(A1) + P(As) = 1.
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Random variable

A random variable is a function defined on the probability space which
maps from the sample space to the real numbers, i.e.

X : Q) = R.

e We distinguish between discrete and continuous random variables.
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Random variable T|.|T|

A random variable is a function defined on the probability space which maps from the sample
space to the real numbers, i.e. X : () — R. (recap)

« Example: Tossing a fair six-sided die

1
« Underlying experiment: (2 = {1,2,3,4,5,6}, F = P(Q), P({z}) = . Va € ()

« Random variable: Number that appears on the die, X :  — {1,2,3,4,5,6} =
random variable

« Example: One element in 2 is w = 4. Then X (w) = 4.

. Probability measure P ))(X — 4) — D({w c () X(w) — W = 4}) — D({4}) — %

Ga
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Random variable T|.|T|

e A random variable is a function defined on the probability space which maps from the sample space to the
real numbers, i.e. X : {2 — R. (recap)

« Example: Flipping a fair coin two times

 Underlying experiment: ) = {(H,H), (H,T), (T,H), (T,T)}, F = P(f2) and
1

D({(U}) - Z \V/UJ - ()

e Random variable: number of heads that appeared in the two flips, X : Q2 — {0,1,2} =
random variable

« Example: One elementin Qisw = (T, H). Then X (w) = 1.

* Probability measure P: P(X = 1) = P({w € 2 : X(w) = 1}) =P({(H,T), (T,H)}) = %
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Random variable

A random variable is a function defined on the probability space which
maps from the sample space to the real numbers, i.e. X : {2 — R. (recap)

« Example: radioactive decay

e Underlying experiment: {2 = R-(, F = B({2), P = \is the Lebesgue
measure

e Random variable: indicating amount of time that it takes for a radioactive
particle to decay, X : R>g =+ R>g = random variable

e Probability measure [: is defined on the set of events JF and is now used
for random variables as follows:
Pla< X <b)=PHwe:a< X(w)<b})
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Probability measures

Random Cumulative distribution
variable function (CDF) PMF / PDF
Probability mass function (PMF),
Discrete Fy(x) =P(X <z
clo) =HE = px(2) = P(X = a)
Continuous Fx(z) =P(X < ) Probability density function (PDF)
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Cumulative Distribution Function

o A cumulative distribution function (CDF) of a random variable X is a
function F'x : R — |0, 1| which is defined as

Fx(z) =P(X < x).

* Properties: Per definition, it satisfies the following properties:

-hmm | OOFx(CE) — 0

o 1imméoo Fx(a?) — 1 _
VI S Yy = FX(a?) S FX(y) D;“’_;"Hj.g i
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Discrete Case: Probability Mass Function

e The probability mass function of a random variable is a function
px : {2 — R defined as

* Properties: Again, we can derive some properties:
0 <px(z) <1

e ngg px(z) =1

0.5

0.3
0.2
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Discrete Example: Sum of 2 Dice Rolls

0,18 1,00

0,14

PMF CDF
0.75
0.09 | | 0.50
O’OS I | | I |
0,25 I
2 3 4 5 o / 8 9 M0 1M1 12 2 3 4 5 o / 8 9 M0 1M1 12
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Continuous case: Probability Density Function

e Continuous case: For some continuous random
variables, the CDF F'x (x) is differentiable

everywhere. Then we define the probability

density function as the function fx(z) : @ —
with
dFX (213)
fx(z) = dr
g,

. Properties:

+ fx(z) >

f fX dCB =1

. [} fx(z) dz = Fx(b) — Fx(a)
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Expectation of a random variable

e Idea: "weighted average" of the values that the random variable can take on

- Discrete setting: Assume that X is a discrete random variable with PMF px (). Then the
expectation of X is given by

I[X] =) x-px(w).

rc()

e Continuous setting: Assume that X is a continuous random variable with PDF fx(x).
Then the expectation of X is given by

L X| = /OO T - fx(x)dx.
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Expectation: Example

- Discrete setting: Assume that X is a discrete random variable with PMF px (x). Then the

~

expectation of X isgivenby E|X| =), oz - px(z). (recap)

« Example: Tossing a six-sided die

-2 =11,2,3,4,5,6}, X: represents the outcome of the toss

1

1 1

i 1
-4[X]:erﬂaz-px(x):1-6 I 2-6 { ...+5-6 -6 -

= 3.5

SY| =
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Expectation of a random variable

e Properties: We encounter several important properties for the
expectation, I.e.

-—vﬂ B -

e |a| = a for any constanta € R

e Linearity: EjaX +bY | =a-E|X|+ b-E|Y]| forany constants a,b € R
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e ldea: The variance of a random variable is a measure how concentrated the
distribution of a random variable is around its mean.

Variance of a random variable

e Definition: The variance is defined as

Var(X) = E[(X — E[X])*] = E[X?] — E[X]*.

(pu,o’2(x)
O o = o =
(] N ~ (0)] co o
T I 1 1 I T 1 I 1 T 'I 1 ) I ]
B nounonon
" | © O O i
N
- Q Q Q Q 7
| NN NN |
i i |
© 0P O
i o o o™ |
| I | | I | | I | | | | | I |

————————————————
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Variance of a random variable

« Definition: The variance is defined as Var(X) =
(recap)

« Example: Tossing a fair six-sided die

(X - R

-1 =1{1,2,3,4,5,6}, X: represents the outcome of the toss

1

1
[ X)? = 12-
4

~ 2.91

1 1 1
EXF] =2 e px(z) =17 0+ 2% o4 457
1 1 35
«Var(X) = E[X?| - E[X]* =1 12= = —
ar(X) = E[X?) - E[X]* =15; — 12 = -
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Variance of a random variable

e Properties: The variance has the following properties, i.e.

e Var(a) = 0 for any constanta € R
 Var(a- X + b) = a* - Var(X)

1.0
[[=0, 0?=0.2, == _
- [1=0, O0?=1.0, ===
i [[=0, 02%=50, == _
[[==2, 0?=0.5, ==
~~ 0.6
= i
5
S- 0.4
0.2
0.0
5 4 3 2 1 0 1 2 3 4 5
X
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Standard Probability Distributions

Distribution

Bernoulli
(Discrete)

Binomial
(Discrete)

Uniform
(Continuous)

Normal
(Continuous)
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Notation &
parameters

X ~ Ber(p),
0<p<1

X ~ Bin(n, p),
neN, pel|0,1]

X ~U(a,b),
—o0o < a<b<oo

XNN(/L70-2)I
ueR, 02>0

PDF or PMF

Mean

Variance

lllustration
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References

o https://cs229.stanford.edu/section/cs229-prob.pdf

e Comprehensive Probability Review — recommended!

e Quick Overview

o https://www.deeplearningbook.org/contents/prob.html

e Another great resource. Also covers information theory basics.
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Thank you!
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