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Last Lecture: Surface Representations
ÅPoint Clouds

ÅParametric Surfaces

ÅVoxels

ÅImplicit Surfaces

ÅPolygonal Meshes
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Last Lecture: Surface Representations
ÅImportant Algorithms  

ïMarching Cubes

ïRay cast

ïNearest neighbor lookups 

Ray Casting

ANN
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Last Lecture: Correspondence Finding / Matching
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Last Lecture: Correspondence Finding / Matching
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Last Lecture: Bundle Adjustment (SfM)

Åά images

Åὲpoints in 3d

ÅὉ ╣ȟ╧

В В ὼ “ Ὕẗὢ

over images
over 3d points

2d keypoint
locations

3D-2D proj
(intrinsics)

frame pose
(extrinsics)

3D point
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Last Lecture: RGB-5 ά.ǳƴŘƭƛƴƎέ
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Last Lecture: How do we solve these objectives?
ÅBundle Adjustment or RGB-D Bundling

Ὁ ╣ȟ╧ В В ὼ “ Ὕẗὢ
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Last Lecture: Non-Linear Least Squares
ÅFind solution that minimizes the sum of squared residuals

ïὪὼ Вὶὼ

ïὶnon linear with respect to ὼ

ÅFitting a Gaussian model

Åὓὼȟὸ ὼὩ Ⱦ ȟὼ
ὼ
ὼ
ὼ

ÅHere: ὶὼ ώ ὓὼȟὸ
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Last Lecture: NNLS -> Gauss-Newton and LM
ÅbŜǿǘƻƴΩǎ aŜǘƘƻŘΥ

ὼ ὼ Ὄ ὼ ​Ὢὼ

ÅGauss-Newton (GN): 
ὼ ὼ ςὐὼ ὐὼ ​Ὢὼ

Solve linear system (again, inverting a matrix is unstable):

ςὐὼ ὐὼ ὼ ὼ ​Ὢὼ

ÅLevenberg-Marquardt (LM)
ὐὼ ὐὼ ‗ẗὨὭὥὫὐὼ ὐὼ ẗὼ ὼ ​Ὢὼ

Solve for delta vector
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Today: Rigid Surface Tracking & Reconstruction
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How do we solve these non-linear terms?

ÅFrame-to-frame alignment (RGB-D case)

ÅὉ Ὕ В ὴ Ὕή

ÅHow to align two RGB-D frames?

ïIterative Closest Points (ICP)!
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Problem Statement: RGB-D Tracking
ÅGiven RGB-D camera, move it over time and we want to align it

ÅAnalog statement: given two point clouds, find rigid 
transformation between them

ÅThink about minimizing the distance between two implicit 
functions; ICP approximates functions

frame0 frame1
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High-Level ICP Overview

ÅData association (Correspondence Search)

ÅOutlier removal / pruning

ÅOptimization

ÅIterate
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Aligning 3D Data
ÅKnown (correct) correspondences -> can find correct rotation, 

translation

ïE.g., Procrustes
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Aligning 3D Data
ÅKnown (correct) correspondences -> can find correct rotation, 

translation

ïE.g., Procrustes

ÅHow to find correspondences?
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Iterative Closest Points (ICP) [Besland McKay 92]
ÅAssume closest points are corresponding
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Iterative Closest Points (ICP) [Besland McKay 92]
ÅIterate to find alignment

Å/ƻƴǾŜǊƎŜ ƛŦ ǇƻǎŜǎ ŀǊŜ άŎƭƻǎŜ ŜƴƻǳƎƘέ
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Basic ICP
ÅSelect(e.g., 1000) random points

ÅMatch each point to closest point on other scan

ïusing efficient search structure, e.g., kd-tree 

ïvarious libraries: ANN, FLANN, nanoflann

ÅRejectoutlier pairs with distance Ὧ median

ÅError Function:

ὉḧВ ὙἸ ὸ Ἱ

ÅMinimize (closed form solution in [Horn 87])
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Variants of Basic ICP

ÅSelectingsource points

ÅMatching to points in other scan

ÅWeightingthe correspondences

ÅRejectingoutlier point pairs

ÅAssigning an error metric to the current transform

ÅMinimizing the error metric w.r.t transformation
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Performance of ICP Variants
ÅAnalyze:

ïSpeed

ïStability

ïTolerance to noise and/or outliers

ïMaximum initial misalignment

ÅComparison of many ICP variants: 

ï[Rusinkiewiczand Levoy, 3DIM, 2001]
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Variants of Basic ICP

ÅSelectingsource points

ÅMatching to points in other scan

ÅWeightingthe correspondences

ÅRejectingoutlier point pairs

ÅAssigning an error metric to the current transform

ÅMinimizing the error metric w.r.t transformation
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Selecting Source Points
ÅUse all points

ÅUniform subsampling

ÅRandom sampling

ÅStable sampling [Gelfandet al. 2003]

ïSelect samples that constrain all degrees of freedom of the rigid-body 
transformation
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Stable Sampling

Uniform Sampling Stable Sampling
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Variants of Basic ICP

ÅSelectingsource points

ÅMatching to points in other scan

ÅWeightingthe correspondences

ÅRejectingoutlier point pairs

ÅAssigning an error metric to the current transform

ÅMinimizing the error metric w.r.t transformation
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Closest Compatible Point
ÅClosest points are often bad as corresponding points

ÅImprove matching effectiveness by restricting to compatible
points

ïColor compatibility [Godin et al. 94]

ïNormal compatibility [Pulli99]

ïOther possibilities: curvature, higher-order derivatives, other local 
features
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ICP: Data Association
ÅNearest neighbor (use ANN, FLANN, nanoflann)

ÅProjective (often much better and faster!!)
ïOnly works with structured data; e.g., depth images (not on raw point clouds)

ÅRejection based on outliers
ïDistance between depth values > threshold (e.g., 10cm)

ïVariation between normals

ÅPruning
ïPrune correspondences to borders
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Variants of Basic ICP

ÅSelectingsource points

ÅMatching to points in other scan

ÅWeightingthe correspondences

ÅRejectingoutlier point pairs

ÅAssigning an error metric to the current transform

ÅMinimizing the error metric w.r.t transformation
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Point-to-Plane Error Metric
ÅAllows flat regions to slide along each other, in contrast to point-

to-point distance
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Point-to-Plane Error Metric

Point-to-Point Point-to-Plane
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Variants of Basic ICP

ÅSelectingsource points

ÅMatching to points in other scan

ÅWeightingthe correspondences

ÅRejectingoutlier point pairs

ÅAssigning an error metric to the current transform

ÅMinimizing the error metric w.r.t transformation
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Point-to-Plane Error Metric - Optimization
ÅError function:

Ὁḧ ὙἸ ὸ Ἱ ẗἶ

where Ὑis a rotation matrix, ὸis a translation vector

ÅLinearize (i.e., assume ÓÉÎ— —ȟÃÏÓ— ρ):

Ὁ В Ἰ Ἱ ẗἶ ἺẗἸ ἶ Ἴẗἶ where Ἲ

ὶ
ὶ
ὶ
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Point-to-Plane Error Metric- Optimization
ÅOverconstrainedlinear system

ÅSolve using least squares

Ἃὼ ὦȟ

Ἃ

ᴺ Ἰ ἶ ᴼ ᴺ ἶ ᴼ
ᴺ Ἰ ἶ ᴼ ᴺ ἶ ᴼ

ể ể
ȟὼ

ὶ
ὶ
ὶ
ὸ
ὸ

ὸ

ȟὦ
Ἰ Ἱ ẗἶ

Ἰ Ἱ ẗἶ
ể

ἋἋὼ Ἃὦ
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Point-to-Plane Error Metric- Optimization
ÅLinearized Point-to-Plane Optimization [Low 04]

ïOnly valid for small rotations (linear approximation of the rotation!)

ÅLŦ ȅƻǳ ŘƻƴΩǘ ƪƴƻǿ ǿƘŀǘ ǘƻ ŘƻΣ ŀƭǿŀȅǎ ǳǎŜ Levenberg-Marquardt!

ï2nd order method Ą quadratic convergences -> rules them all

Ὁ Ὕ Ὕὴ ή ẗὲ
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Coarse-to-fine Alignment
ÅStart on low-resolution depth map

ÅThen go to finer levels

Down-sampling ICP
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Coarse-to-fine Alignment
ÅStart on low-resolution depth map

ÅThen go to finer levels

Propagate solution
to finer level

ICP
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Coarse-to-fine Alignment
ÅStart on low-resolution depth map

ÅThen go to finer levels

üFaster convergence

üAvoids local minima (down-sampling Ą smoothing)

üAllows faster motions
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ICP: Conclusion
ÅBecause the correspondence finding is not differentiable, there 

is the hack of alternating 

ÅIdeally, you would want to directly align a continuous surface, 
and differentiate it

ÅMany ICP variants (e.g., adding a color term)

ïCan also do similar algorithm for RGB-only alignment

ÅRecently: symmetric ICP [Rusinkiewiczet al 2019]

ïὴ ήẗὲ ὲ

symmetric

point-to-plane



3D Scanning & Motion Capture
Prof.Nießner

3D Reconstruction
1. Compute poses between all frames

e.g., frame-to-frame ICP, or frame-to-model ICP

2. Integrate data into a shared model

e.g., accumulate in a distance field

3. Extract Mesh from implicit representation
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Signed Distance Field (SDF)
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Truncated Signed Distance Field (TSDF)

4 4 3 3 3 3 3 3 3 3 4 4

4 3 2 2 2 2 2 2 2 2 3 4

3 2 1 1 1 1 1 1 1 1 2 3
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3 2 1 -1 -2 -2 -2 -2 -1 1 2 3

3 2 1 -1 -2 -3 -3 -2 -1 1 2 3

3 2 1 -1 -2 -2 -2 -2 -1 1 2 3

3 2 1 -1 -1 -1 -1 -1 -1 1 2 3

3 2 1 1 1 1 1 1 1 1 2 3
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4 4 3 3 3 3 3 3 3 3 4 4

N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A

N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A

N/A N/A 1 1 1 1 1 1 1 1 N/A N/A

N/A N/A 1 -1 -1 -1 -1 -1 -1 1 N/A N/A

N/A N/A 1 -1 N/A N/A N/A N/A -1 1 N/A N/A

N/A N/A 1 -1 N/A N/A N/A N/A -1 1 N/A N/A

N/A N/A 1 -1 N/A N/A N/A N/A -1 1 N/A N/A

N/A N/A 1 -1 -1 -1 -1 -1 -1 1 N/A N/A

N/A N/A 1 1 1 1 1 1 1 1 N/A N/A

N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A

N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
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Volumetric Fusion: Surface Integration

-1 1 2 3-2

-3
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Volumetric Fusion: Surface Integration

-1 1 2 3-2

-3

-1 1 2 3-2-3
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Volumetric Fusion: Surface Integration

-1 1 2 3-2

-3

-1 1 2 3-2-3

1 2 3-1-2-3

Obviously SDF calculation is in floats
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Truncated Signed Distance Field (TSDF)

Truncated Signed Distance Field (TSDF)
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Volumetric Fusion: Surface Integration

Pose Ὕ
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Volumetric Fusion: Surface Integration

Pose Ὕ

Pose Ὕ
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Volumetric Fusion: Surface Integration

Pose Ὕ

Pose Ὕ

Pose Ὕ
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Volumetric Fusion
ÅWeighted average of signed distance values

ÅὈὼ
В

В

Åὡ ὼ Вύ ὼ

ÅDepth value Ὠ ὼ at point ὼ

ÅWeight functions ύ ὼ

ïE.g., depth-based -> further away -> lower weight 

ïE.g., ύ ὼ ÍÁØύρ ὨὩὴὸὬὤὩὶέὕὲὩȟρ

ÅIsosurfaceὈὼ π
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Volumetric Fusion
ÅRunning average of signed distance values

ÅὈ ὼ

Åὡ ὼ ὡ ὼ ύ ὼ

Åὡ ὼ and Ὀ ὼ are cumulative signed distanced and weight 
functions after integrating the i-th range image
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Volumetric Fusion

ÅSurface Integration [Curlessand Levoy96]

Ὀὺ
Вύ ὺὨ ὺ

Вύ ὺ

ὡ ὺ ύ ὺ

Voxel {
distance;
color;
weight;

}
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Volumetric Fusion

ÅSurface Integration [Curlessand Levoy96]

Voxel {
distance;
color;
weight;

}

Ὀᴂὺ
ὡ ὺὈὺ ύ ὺὨ ὺ

ὡ ὺ ύ ὺ

ὡᴂὺ ὡ ὺ ύ ὺ
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Volumetric Fusion
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Surface Rendering: Ray Casting

surface

TSDF volume grid

- Cast ray through focal point of each pixel
- Traverse voxels along the ray 

(truncation step size)
- Find surface by checking for sign change
- Compute intersection

e.g., bilinear search
computer normal by ​ὝὛὈὊ
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Surface Extraction: Marching Cubes

TSDF volume grid

surface (zero-crossing)
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Volumetric Fusion
ÅtǊƻƧŜŎǘƛǾŜ ƛƴǘŜƎǊŀǘƛƻƴ ƛǎ ƴƻǘ ŀ ΨǘǊǳŜΩ {5C

ïLess accurate the further away from the surface

ïMore accurate with more different views

ïCould apply distance transform but misses data

0
1

2 3 4 5 6 Spot the error!
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Volumetric Fusion
ÅInteresting property though:

ïΨлΩ -> surface

ïΨƴŜƎŀǘƛǾŜΩ -> unknown

ïΨǇƻǎƛǘƛǾŜΩ -> free space

ÅFree space carving is important!

0
1

2 3 4 5 6
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Volumetric Fusion

[Curlessand levoy96] [Levoyet al. 2001]

Stanford Bunny
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Online 3D Reconstruction
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Online 3D Reconstruction
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Online 3D Reconstruction
ÅOften frame-to-model tracking rather than frame-to-frame

ïUse ray-casted normal map -> less noise!

Input normal map Ray-casted normal map from SDF
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Prominent Literature

Å! ǾƻƭǳƳŜǘǊƛŎ ƳŜǘƘƻŘ ŦƻǊ ōǳƛƭŘƛƴƎ ώΧϐ ώCurlessand Levoy96] 

ïTSDF integration

ÅSzymonRusinkiewicz

ïEfficient Variants of ICP

ïReal-time Model Acquisition <- Siggraph2002!

ÅKinectFusion[Newcombe/Izadi et al. 11]
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Real-time 3D Model Acquisition
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Kinect Fusion
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Kinect Fusion
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Spatial Representations
ÅKinect Fusion -> Dense Grid
ï[Izadi/Newcombeet al. 11]

ÅExtended Kinect Fusion
ï[Roth et al. 12; Whelan et al. 12]

ÅHierarchical Fusion
ï[Stueckleret al. 12; Chen et al. 13]

ÅVoxel Hashing
ï[Niessner et al. 13]
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Extended Kinect Fusion
ÅMoving Volume

Marching Cubes
on boundary

Rolling VolumeCurrent Input

+ very easy to implement
+ unlimited spatial volumes
- cannot integrate into previously regions
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Hierarchical Fusion

Spatial subdivision with tree
SDF values live only on finest level

+ efficient storage: large spatial extent, high local res
+ fast lookups
- costly updates during integration (need tree update)

e.g., insertion, removal, etc.
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Voxel Hashing

world

voxel
blocks

bucket

hash
table

ψvoxelblock

Spatial Hash Function:
Ὄὼȟώȟᾀ ὼẗὴἅώẗὴἅᾀẗὴ ÍÏÄὲ

+ efficient storage: large spatial extent, high local res
+ extremely fast updates: 

e.g., insertion, removal, etc. is O(1)
+ cheap streaming
- ray cast is not as fast (need to check voxel by voxel)

(ray cast) (fusion) (ICP)
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Voxel Hashing
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Other Representations: Point-based Fusion
ÅSurfelrepresentation
ïPoint + normal + radius

ÅRendering through splatting
ïUse graphics pipeline

+ unstructured storage -> large extent and high-res
+ in a way easier for dynamics (although not quite there)
- surface quality slightly less than volumetric SDF

[Keller et al. 13] Real-time 3D Reconstruction in Dynamic Scenes using Point-based Fusion
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Other Representations: Point-based Fusion

Surfel-based Representation TSDF Implicit Surface
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Drift and Loop Closure Problems
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Elastic Fusion: Surfel-based + Loop Closure

ÅPoint-based representation

ÅFrame-to-model tracking

ÅExplicitly detect loop closures
through localization

ÅNon-rigidly warp representation
to close loops

[Whelan et al. 16] ElasticFusion: Dense SLAM Without A Pose Graph
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Elastic Fusion: Surfel-based + Loop Closure
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Bundle Fusion
Correspondence 

Search
RGB-D Global Pose

Optimization

Dynamic Scene 

Update

ὉὝ ύ Ὁ Ὕ ύ Ὁ Ὕ

Ὁ Ὕ

ȟ

Π Π Ȣ

Ὕὴ Ὕὴ
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Bundle Fusion: Dense Terms

Ὁ Ὕ ύ Ὁ Ὕ ύ Ὁ Ὕ

Ὁ Ὕ

ȟ

Π Π

ὴ Ὕ Ὕ“ Ὀ “ Ὕ Ὕὴ ẗὲ
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Bundle Fusion: Dense Terms

Ὁ Ὕ ύ Ὁ Ὕ ύ Ὁ Ὕ

Ὁ Ὕ

ȟ

Π Π

​Ὅ“ ὴ ​Ὅ“ Ὕ Ὕὴ


